ON A CLASSIFICATION OF IRREDUCIBLE ADMISSIBLE 
MODULO p REPRESENTATIONS OF A p-ADIC SPLIT 
REDUCTIVE GROUP 

NORIYUKI ABE 



Abstract. We give a classification of irreducible admissible modulo p repre- 
sentations of a split p-adic reductive group in terms of supersingular represen- 
tations. This is a generalization of a theorem of Herzig. 



1. Introduction 

Let p be a prime number and F a finite extension of Qp. In this paper, we 
consider modulo p representations of (the group of i^-valued points of) a spht con- 
nected reductive group G. The study of such representations is started by Barthel- 
Livne }BL94[ IBL95| when G = GL2{F). They defined a notion of supersingular 
representations and gave a classification of non-supersingular irreducible represen- 
tations. In particular, they proved that a representation is supersingular if and only 
if it is supercuspidal. Here, a representation is called supercuspidal if and only if it 
dose not appear as a subquotient of a parabolic induction from a proper parabolic 
subgroup. By this theorem, to classify irreducible representations of GL2(i^), it is 
sufficient to classify irreducible supersingular representations. When G = GL2(Qp), 
irreducible supersingular representations are classified by Breuil |Bre03j . However, 
when F ^ Qp a classification seems more complicated [BPj . 

Herzig [Her 10) gave a definition of a supersingular representation for any G using 
the modulo p Satake transform [Herllj . He also gave a classification of irreducible 
admissible representations in terms of supersingular representations when G = 
GL„(F). This is a generalization of a theorem of Barthel-Livne. In this paper, we 
generalize his classification to any G. 

Now we state our main theorem. Let TZ be an algebraic closure of the residue 
field of F. All representations in this paper are smooth representations over k. 
Fix an O-form of G and denote it by the same letter G. Let K be the group of 
O-valued points of G. We also fix a Borel subgroup B and a maximal torus T C B 
of G. Then we can define the notion of supersingular representation with respect 
to {K,T,B). (See Herzig's paper |HerlO[ Definition 4.7] or Definition 15.11 in this 
paper.) Let H be the set of simple roots. Each subset O C H corresponds to the 
standard parabolic subgroup Pe- Let Pq = MqNq be the Levi decomposition such 
that T C Mq and Nq is the unipotent radical of Pq. Consider the set P of all 
A = (Hi . H2 , CTi ) such that : 

• Hi and H2 are subsets of H. 

• ai is an irreducible admissible representation of Mui which is supersingular 
with respect to {Mn, n K, T, Mn^ n B). 
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• Let Wo-i be the central character of cti and put Ho-j = {a G 11 | (a, Hi) = 
0, Wo-i o a = 1gli(f)}- Then 112 C Ucr^- 
Then the main theorem says that there exists a bijection between V and the set of 
isomorphism classes of irreducible admissible representations of G. 

To state the theorem more precisely, we define the representation /(A) for A = 
(ni,n2,ai) e v. Let Pa = M\Nj^ be the Levi decomposition of the standard 
parabolic subgroup corresponding to Hi UHai ■ First we construct the representation 
fJA of Ma. Roughly, a\ is given by the following. Since (Ili^Ylai) — 0, Ma is like 
the direct product of Mn^ and Mn„^ . We have a representation ai of Mn^ . Since 
112 C IIo-i , n2 defines the standard parabolic subgroup of AIu„ and it also defines 
the special representation |GK| . Let cta,2 be the special representation. Then a a is 
given by the tensor product cti M gk.i- However we have Ma 9^ A/ni x Mn^^ . We 
define ok as follows. 

We can prove that (j\ can be extended uniquely to Ma such that [Afn„ , Mn„ ] 
acts on it trivially (Lemma 13.21) . We denote the extended representation by the 
same letter g\ . Let Q be the parabohc subgroup of Ma corresponding to 112 U n^-^ . 
Then Q defines the special representation of Ma |GK| and denote it by (Ta,2. From 
the definition of the special representation, the restriction of (7a,2 to Mn„ is the 
special representation of Afn„^ with respect to the standard parabolic subgroup 

corresponding to 112. Now we define a k ~ a\ ® ok,i and put /(A) — Indp^((TA). 
The following is the main theorem of this paper. 

Theorem 1.1 (Theorem 15. lOp . For A G P, /(A) is irreducible and the correspon- 
dence A I— /(A) gives a bijection between V and the set of isomorphism classes of 
irreducible admissible representations. 

Using this theorem, we get the relation between supersingular representations 
and supercuspidal representations. Recall that a representation is called supersin- 
gular if it is supersingular with respect to any (X, T, B) . 

Theorem 1.2 (Corollary 15. 12|) . For an irreducible admissible representation tt of 
G, the following conditions are equivalent. 

(1) The representation tt is supersingular with respect to (K,T,B). 

(2) The representation tt is supersingular. 

(3) The representation tt is supercuspidal. 

We also give a criterion of the irreducibility of a principal series representation. 

Theorem 1.3. Let v: T ^ be a character. Then Ind^ v is irreducible if and 
only if V o a ^ 1gLi(F) for all a £ H. 

Herzig proved much of his results for general G. However, he proved the following 
two propositions only under some assumptions. (Such assumptions are satisfied for 
G = GL„.) 

(1) A theorem of changing the weight |HerlO( Corollary 6.10]. 

(2) A structure of a representation which have the "trivial" Satake parame- 
ter [HerlOl Proposition 9.1]. 

In this paper, we prove these propositions for any G. Then, Herzig's argument 
implies the main theorem. 

We summarize the contents of this paper. Using the modulo p Satake transform, 
the notion of Satake parameters (or Hecke eigenvalues) is defined. Such definition 
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and properties are given in Section [3l A generalization of (1) and (2) is proved in 
SectionHl In SectionlH we assume that the derived group of G is simply connected. 
Using these results, we prove our main theorem in Section [S] Since we use results 
in Section |4l first we assume that the derived group of G is simply connected. This 
assumption will be removed in subsection 15.41 using a z-extension. 

Acknowledgments. I thank Florian Herzig for reading the manuscript and giving 
helpful comments. I also thank Tetsushi Ito for introducing me the theory of modulo 
p representations of a p-adic group. 

2. Preliminaries 

2.1. Notation. In this paper, we use the following notation. Let p be a prime 
number, F a finite extension of Qp, O its ring of integers, w & O a, uniformizer, 
K — 0/{w) the residue field and q = Let G be a connected split reductive 
group over O. Fix a Borel subgroup B C G and a split maximal torus T C B. 
Let U be the unipotent radical of B. Then B = TU is a Levi decomposition 
of B. Let B = TU be a Levi decomposition of the opposite group of B. We 
also denote the group of i^-valued points of G by the same character G. This 
should cause no confusion. We use similar notation for other groups (for example, 
B = B{F)). Set K = G{0). For any algebraic group H, let H° be the connected 
component containing the unit element and Zh the center of H. For subgroups 
Hi,H2 C H, Zhi{H2) = {hi G Hi I hih2 = hihi for aU /12 G i?2}. For a group F, 
Ir is the trivial representation of F. For a representation V of F, is the space 
of invariants and Vr is the space of coinvariants. 

Let (A"*,A,X*,A) be the root system of (G,T). Then B determines the set 
of positive roots A+ C A and the set of simple roots 11 C A+. Let W be its 
Weyl group. Let red: K — G{0) G{k) be the canonical morphism. The set of 
dominant (resp. anti-dominant) elements in X* is denoted by X'^ (resp. XI). We 
also use notation and For A, /i £ AT*, we denote /i<AifA — /iG Z>oII. 

Let P be a standard parabolic subgroup. It has a Levi decomposition P — M N . 
In this paper, we only consider the decomposition such that T C M . The opposite 
parabolic subgroup of P is denoted by P = MN . We denote the Levi decomposition 
of the standard parabolic subgroup corresponding to C 11 by Pe = MqNq. The 
subset of n corresponding to P is denoted by Hp or IIm. Put Am = AhZIIm and 
A^ = A+ n Am. Let Wm be the Weyl group of Am- Yoy v & X* , let P^ = M^N^ 
be the standard parabolic subgroup corresponding to 11^ = {a G 11 | {v.a) — 0}. 
Put = Stabw{v), Aj, = {a G A I {v, a) = 0} and A+ = A+ n A^. (We will use 
these notation only when v is dominant or anti-dominant. So the root system of 
Miy is Ajy.) We use similar notation for A G X^,. 

For a subset ^ C A* and A' C A*, {A, A') = means {v, A) = for all v ^ A 
and A G A'. Notice that this condition is automatically satisfied if A or A' is empty. 
We write (A, A) = (resp. {v, A') = 0) instead of (A, {A}) = (resp. {{v}, A') ^ 0). 

2.2. Satake transform and irreducible representations of K. Let k be an 

algebraic closure of k. All representations in this paper are smooth representa- 
tions over K. For a finite dimensional representation V of let c-Ind^ y be a 
representation defined by 

c-Ind| V :^{f:G^V\ f{xk) = fc"V(a;) (a; G G, A: G AT), supp/ is compact}. 
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The action of 5 e G is given by {gf){x) — f{g ^x). For x & G and v ^ V, let 
[x,v] G c-Indjf(y) be an element defined by supp([a;, tj]) — xK and = v. 

Then (7[a;,u] = [5a;, and [a;/c,w] = [x, few] for g € G and k € K. For finite 
dimensional representations V\^Vi oiK, Hom(5(c-Ind^ Vi, c-Ind^ V2) is identified 
with 

= |(^- G ^ Hom-(F V) ^ik2xh):^k2ipix)ki {ki,k2eK,xeG), \ 
[ K V 1 1 2 ^ supp if is compact J ' 

The operator corresponding to ip £ ^0(14, V2) is given hy f ^ ip * f where 

{ip*f){x)= ip{y)f{xy). 

We denote 'Hg(V^, by Hg(^)- Let tt be a representation of G. Then by the 
Frobenius reciprocity law, we have Hom/f(l/,7r) ~ HomG(c-Ind^(t^), tt). Hence 
Homx(F, tt) is a right HG(l^)-niodule. We denote the action of 1^ e T-Lg^V) on 
ij) g Homx(V, tt) by V' * V- 

When V is irreducible, the structure of T-Loiy) is given by the Satake trans- 
form [Herllj . Namely, the Satake transform S'g : ndV) 'Ht{V^^'^^) defined 

by 

is injective and its image is {ip £ ?^t(V''^ | supp(y9 C T+} where r+ = £ 
T I e O (a e A+)}. A homomorphism x r(C') T defined by (A,io) ^ 
A(n7)to is an isomorphism and it induces x T{0) ~ T-f . Hence S'g gives an 

isomorphism Hg{V) ~ For A G , there exists T\ £ HciV) such 

that suppTa = K\(vj)K and TA(A(n7)) is given hy V ^ ^T^iK) - V"^^'*"^ ^ V"- 
Then {T\ \ A G X^,,^} gives a basis of T-Lg{V). When we want to emphasis the 
group G, we write instead of T\. For A £ X*, let t\ £ be an element 

corresponding to A. Then {t\ \ A £ -''^*,+} gives a basis of The relation 

between Sg{T\) and ta is given by Herzig |HerlO| Proposition 5.1]. An algebra 
homomorphism K[Ar*^+] — ^ k is parameterized by {M,xm) where M is the Levi 
subgroup of a standard parabolic subgroup and xm is a group homomorphism 
Xm,*,o where Xm,*,o = {A £ X, | (A,Hm) = 0} [HerlOi Proposition 4.1]. 

Therefore, an algebra homomorphism TiGiV) — >■ k is parameterized by the same 
pair. 

Remark 2.1. Since an isomorphism T-LriV'^^'^^) ~ depends on a choice of a 

uniformizer m, the above parameterization is not natural. More natural way is 
given by Herzig f Herll) . In this paper, we fix a uniformizer and identify T-Lg{V) 
with K[Ar*_-|-]. (It is only for a simplification of notation.) 

Let P — MN be the Levi decomposition of a standard parabolic subgroup. Then 
the partial Satake transform : HciV) — Ha/ (^^*-''') is injective and it satisfies 
Sm ° Sq = Sg |Herl01 2.3]. Assume that x- 'Wg(^) — > k is parameterized by 
{M,xm)- Then M is characterized by the following property: x factors through 
Sq if and only if M' D M. We also have the following: Xiv/(A) — x{t\)- 
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Let Vi, V2 be irreducible representations of K. For each A G ^*,+, there exists 
LP &'H{Vi,V2)\ {0} whose support is K\{vd)K if and only if V^^^^'') ~ V^^^""^ as 
MA(K)-representations. Moreover such Lp is unique up to constant multiple. The 

homomorphism 'p{X{vj)) is given by Vi (^i)Af;^(K) — Vj^^''"' ^ V2. (See the 
proof of |Herl01 Proposition 6.3].) 

All irreducible representations of K factor through K — > G{k). If the derived 
group of G is simply connected, such representation is parameterized by its lowest 
weight. If 1/ G X* satisfies —q < {v, a) < for all a £ 11 then the restriction of 
the irreducible representation of G(k) with lowest weight v to G(k) is irreducible 
and they give all irreducible representations of G{k). When V is the restriction of 
an irreducible representation with lowest weight we call v a lowest weight of V . 
(For vq E X* such that {uq, U) = 0, the restriction of the irreducible representations 
with lowest weight i' and 1^ + {q — l)h'o are isomorphic to each other. Hence i' is 
not determined by V uniquely.) 

3. Satake parameters 

3.1. Definition and some lemmas. We start with the following definition. 

Definition 3.1. Let tt be a representation of G. An algebra homomorphism 
X- K[Xif^^] — > K is called a Satake parameter of tt if there exist an irreducible 
if-representation V and i/j G Hom/f(V,7r) \ {0} such that for all ip G HaiV), 
ij*(p^ x{Sg{v))->P- 

Let S{tt, V) be the set of Satake parameters appearing in Homi^ (V^, tt). We de- 
note the set of Satake parameters of tt by iS(7r). Then we have <S(7r) = IJy S{tt, V). 
If TT is admissible, then 5(7r) 0. We give some propositions about Satake pa- 
rameters. Before proving some properties of Satake parameters, we give some 
fundamental facts about a structure of G. 

Lemma 3.2. Let 11 = Hi U 112 be a partition ofH such that (Hi, II2) = and Pi — 
MiNi the standard parabolic subgroup corresponding to Hi . Let L2 be the subgroup 
ofT C Ml generated by {Imd \ a G 112}. Then we have G/[M2,M2] ~ M1/L2. 

Proof. Let F be a separable closure of F. In this proof, we write G = G{F). (The 
same notation is used for other groups.) Set 11^ = {z^ G X* \ (j^, II2) = 0}. Since 
G/[M2, M2] and M1/L2 have the same root data (fl^, Ami , X^/ {Q^nX^), Ami ), 
these are isomorphic. For an abelian group A, let Ators be its torsion part. By a the- 
orem of Kottwitz, the Galois cohomology H^{F, [M2, M2]) (resp. H^{F, G)) is iso- 
morphic to ((X, nQn2)/Zn2)tors (resp. (X,/Zn)tors_)- Hence iJi(i^, [M2, M2]) ^ 
H^{F,G) is injcctive. Therefore, (G/[M2, M2])'='^'(^/-^) = G/[M2,M2]. Since L2 
is a torus, H\F,L2) is trivial. Hence (Mi/La)^^'^^/^) = M1/L2. The lemma 
follows. □ 

Proposition 3.3. There is a one-to-one correspondence between the character vq 
of G and the character vt of T such that ut o a is trivial for all a E Tl. Lt is 
characterized by vt = vg\t- 

Proof. Apply the previous lemma for Hi = and n2 = H. □ 

Corollary 3.4. Let vk be a character of K . Then there exists a character vq of 
G such that vk — vq\k- Lf h'G{X{zu)) = 1 for all A G X^, then vq is unique. 
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Proof. If the derived group of G is simply connected, it is known that vk has a 
lowest weight i' which satisfies {v o a){0^) = 1 for all a G H. Therefore, the 
corollary follows from the above proposition. In general, letl^Z^G—>-G^l 
be a z-extension of G, K the group of O-valued points of G and T the inverse image 
of T in G. Then there exists a character such that t'gl^ is a pull-back of vk 
and i^q(X(h7)) = 1 for all A £ X^,{T). Hence i^q\z is trivial. Therefore, it gives a 
character i^g of G and i'gIk = ^k- D 

For a character of G, i— > (5 i— > ^i,{g) = f{g)i^ig)) gives an isomorphism 

Lemma 3.5. For a parabolic subgroup P = MN , the homomorphism ip ^ Lp^ is 
compatible with the partial Satake transform Sq ■ 

Proof. We have 

(Sg fi^){m) = v[mn)ip{mn). 

neN/(NnK) 

Since N C [G, G], we have v{n) — 1. Therefore, 

v{mn)ip{mn) = iy{m) Lpimn) = i'(in){SG v){'>n) ■ 

■neN/(NnK) neN/{NnK) 

□ 

Now we give some properties on Satake parameters. The following proposition 
is obvious. 

Proposition 3.6. If n' C tt, then S{tt', V) C S{tt, V). 

The following proposition follows from [HerlOj Lemma 2.14]. 

Proposition 3.7. Let P — MN be a parabolic subgroup, a a representation of 
M and V an irreducible representation of K . Then we have iS(Indp((T), = 
S{a,V'^^'^^)\-fi[x, +]■ In particular, we have <S(Indp((T)) = S{a)\-fi[x, +]• 

Let x1jX2- — ^ k be algebra homomorphisms. Define Xi ® X2 : '«[-'^*,+] ^ 
K by (xi <8) X2)(ta) = Xi(t\)x2{t\). 

Proposition 3.8. Assume Xi parameterized by (Mi,XMi)- Then xi ® X2 po-- 
rameterized by {M,xm) where IIm = IImi nllMa and xm = XMi\xM,.,aXM2\xM.,.o- 

Proof. This follows from the argument of the proof of (Her 111 Corollary 1.5]. □ 

Proposition 3.9. Let v be a character of G and tt a representation of G. Then 
S{tt (g) j/) = ^(Tr) (g) Xiy here Xiy ■ -^k is given by Xi^('''a) = 



Proof. This follows from Lemma 13.51 □ 

Proposition 3.10. Let v be a character of G . Then S{v) — {XiA ■ 

Proof. We have an injective homomorphism v Ind^(i^|T)- Hence we have ^ 
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3.2. Restriction and Satake parameter. Let Gi be a connected subgroup of 
G which contains [G, G]. Let Xq^,* be the group of cocharactcrs of Gi n T. Put 
Xgi,*,+ = Xt,^+ n Xgi,*. Then we have HgAV) ~ k[Xgj^h.^+]. Since C 
we have an injective homomorphism This induces 

Lemma 3.11. We have Im$ = {(^ e 'Haiy) \ suppt^ C G\K} and an isomor- 
phism Im $ ~ 'Hgi (y) is given hy ip ^ v\gi ■ 

Proof. Put %! = {lp e ndV) I SUPP93 C GiK}. Then Hi has a basis {Tf | A G 
To prove the first statement of the lemma, it is sufficient to prove that 
if A g'Xgi,*,+ then Sg{T^) € k[Xg^^*,+] and {SciT^) \ A e Xgi,*,+} is a basis of 
k[Xgi.*.+]- Wc have Sg{T^) e tx + J2^<x'^Tt^- Since II C Xgi,*, A € Xg^,* and 
/U < A imply /x G -''^Gi,*- Therefore we get the first statement. 

Since U is the unipotent radical of the Borel subgroup B flGi of Gi , we have 
Sg(T^) = SGiiT^lci) for A G Xgi,*,+ by the definition of the Satake transform. 
We get the second statement. □ 

Proposition 3.12. Let n be a representation of G and V an irreducible rep- 
resentation of K. Then we have <S(7r, F)|k[Xgi,.,+] S{Tr\Gi,V\GinK)- Hence 
S{tt)\^Xg,,,,+] C ^(TrlGi). 

Moreover, if tt has a central character, then for each irreducible (Gi H K)- 
representation Vi, we have 5(7r|Gi,14) = Uy|Ginif=Vi '^('^' ^)I«[Xgi,.,+]- Hence 
5(7r|Gi) =<S(7^)|^[XGl,.,+]• 
Proo/. Put Ki = Gi Ci K. Since [K,K] C Ki, the restriction of an irreducible 
-representation to Ki is also irreducible. Let V be an irreducible representation 
of K. We prove <S(7r, V)\j^[Xgi,,,+] ^ ^i''^\Gi,y\Ki)- It is sufficient to prove that 

Homif {V, tt) ^ RouiKi {V, tt) 

is Wgi (V^)-inodule homomorphism. Let G HGiiV) and tjj € Homx (1^, tt). Then 
for each v gV, 

geG/K geGiK/K 

The claim follows from Gi/Ki ~ GiK/K. 

Assume that tt has a central character. Let Vi be an irreducible representation 
of Ki. Fix an irreducible representation V oi K such that V\k-i = Vi. Take such 
representation such that a central character of V is the same as that of tt. Set 
K' = K\Zk- Then K' has a finite index in K and we have 

HomKi(V,7r) = Hom;f,(y,7r) :^ Hom^CIndf , (F), tt). 

Since F has a structure of a representation of ii', we have Ind^/ (F) ~ Ind^/ (g) 
y. Therefore we have 

HomKi(F,7r) ^ Homif(Indg,(lK/) (g) V^.tt). 
Explicitly, this isomorphism is given by 

xeK/K' 
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Therefore, for ip e HG^iV), we have 

xGK/K' geGi/Ki 

xeK/K' geOi/Ki 

Replacing g with x~^gx, we have 

^{i^*ip){f ^v) ^ E E f{x)gxi^{x-^ip{g-^)v) 

xeK/K' geOi/Kx 

geGi/Ki 

Since K' is a normal subgroup of K and K/ K' is commutative, the representation 
Ind^/(lx') has a filtration {Xi} such that Xi/Xi^i ~ i',; for some character z/^ of 
K. Set X = Indf,(lK') ®V,Y = HomK(X,7r) and = Hom^lX/X,, tt). Then 
{li} is a filtration of y and Yi/Yi^i ^ Homx(fi V, tt). By the above formula, Yi 
is stable under the action of (^9 e T-Lg^{V). Hence f acts on Yi/Yi^i. Extend Vi to 
a character of G such that vi is trivial on Gi. Then we have T-Lg{V) — T-LG{vi ® V) 
by ip' ip'^,.. We have an action of '^{'^)ui G HG^^i ® V) on Homx(j^i iX) V, tt). We 
prove that these actions are compatible with Yi/Yi^i ^ Homx(j^i ® VjTt). 

Since Ui is trivial on d, we have a (8> = '^{'p)vi "X) w) for g £ Gi. 

The function g n> (g~^)(a (g) w)) is right i^T-invariant. Therefore, 

Y 5*^(0 ® '^(5"')^') - E .9*W(*(¥')..(.9"')(a®«)) 

g&Gi/Ki geGiK/K 

= ^ g*(V')($(v3)^.,(ff"^)(a(g)v)) = *$(v5),.J(a(8)v). 
geG/K 

This means that the actions are compatible. 

Hence each element of S{Tr\Gi,V) appears in S{TT,i^i V)\^Xgi • +1 ^oi™ 
i. Since t-i is trivial on Ki, [ui ® V)\ki — V\ki — V\. We get S{'k\gj_^V) C 

3.3. Satake parameter of tensor product. Consider the setting in Lemma 
Namely, let H = Hi U n2 be a partition of H such that (Hi, 112) = 0. Let 
Pi = MiNi be the standard parabolic subgroup corresponding to H.^. Set Hi — 
Zmi([M2,M2])°. Put H^ = {A e X* I (A,H2) = 0}. Then the group of cocharac- 
ters of iJiHT is H^. We also have [Mi, Mi] C i/i C Mi. Put Xh,^*,+ = X,.+ nn^. 

Lemma 3.13. If X, G X*,+ satisfies /i < A and A G Xhi,*,+, then X — fi G Z>oHi. 
In particular, /i G Xhi,*,+ - 

Proof. For each a G H, take G Z>o such that X — fi = X^aen '^qQ^. Then for 
P G H2, we have J2aeU2 ^aW^a) = ~{l3,n) < 0. Since ((^, d})Q,/3en2 is positive 
definite, we have = for all a G n2. □ 

Fix an irreducible representation of if and put Vi = V^^^'^\ Then Vi is 
irreducible as a representation of Mi n K. Since [Mi, Afi] C iJi C Mi, Vi is also 
irreducible as a representation of Hi n We have k[Xhi,*,+] ^ k[X^,^j^]. Hence 
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we get $' : T-Lhi (^i) ^ T-LciV). By the above lemma and the argument in the proof 
of Lemma 13.111 we get the foUowing lemma. 

Lemma 3.14. We have Im$' — {lp ^ 'Hg{V) \ supp(y5 C KHiK} and the isomor- 
phism Im$' ~ TiHiiV) is given by ip i-^ y^\Hi- 

Let TT be a representation of G. Consider the following homomorphism 

UouiKiV, vr) RorRMinK{Vi,n). 

Since V is generated by Vi as a /^-representation, this is injective. The left hand 
side is TiciV) ~ K[X*,+]-module and the right hand side is Hm^ (Vi) ~ k[Xmi.*,+]- 
module where Xmi,*,+ = {A G X* | (A, a) > (a e Umi)}- Therefore, both 
sides are K[X^fj ,,.-|_]-modules. We prove that the above embedding is a 'k[Xhi,*.+]- 
modules homomorphism. We need a lemma. 

Lemma 3.15. For ni G Mi and n G iVi, if ran G KHiK, then n E K . 

Proof. By a Cartan decomposition, we can choose A G Xhi,*,+^ Ai G Xmi,*,+ and 
ki G Ml n K such that mn G K\{w)K and m G {Mi n K)\i{w)ki. Then we have 
\i{w){kink:[^) G K\(w)K. Put ni = kink-^ G A'^i. We prove ni G if. 

By the assumption, we have iVi C M2. Therefore, Ai (-117)71,1 is in M2. Take 
A2 G Xm2.*.+ such that Xi{w)ni G (M2 n if)A2(t:t7)(M2 n if). Then K\2{w)K n 
K\{w)K ^ 0. Therefore, A2 G W-^A. The Weyl group W preserves each connected 
component of a root system. Hence W preserves 11^. Hence A2 G H^. Therefore, 
A2(t:t7) commutes with an element of M2. Hence \i{w)ni G (Af2 H K)X2{vj){M2 fl 
K) = A2(n7)(M2 n K). Therefore, \2{'ujy^ \i{w)ni G K. We get ni G if . □ 

Lemma 3.16. Let n be a representation of G. The homomorphism 

HomK(V, tt) -j> HomMinA:(Vi,7r). 
is a 'K[XHi.*.+]-module homomorphism. 

Proof. Let ip G Hhi {Vi). Take t/i G Homif(V, tt) and i; G Vi. We have 

(^*$'(^))(^;) = ^ g^(<i>'(^)(g-i)«) 

geG/K 

= mn'0($'((p)(n^"'^TO^"'^)z;) 

7neMi/{MinK) neNi/(NinK) 

Since supp $'(iy9) C ifiiiif, <l''((p)(n^^m^^) = if n ^ A^i n if by the above lemma. 
Therefore, we have 

{%!) * {if)){v) = ^ m'4>{<^'{tf){m^^)v) 

m£Mi/(MinK) 

= rn?/;($'(iy9)(m~"'")u). 

meMi/{MinK) 

By the same argument, we have Sq'^ {^' {ip)){m) = ^'{ip){m) for m G Aii. There- 
fore, we get the lemma. □ 

Let TTi, 7r2 be representations of G with the central characters such that [Mi, Mi] 
acts on TT2 trivially and the center of Ai2 acts on tt2 as a scalar. Put tt — tti tt2. 
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Remark 3.17. The group Hi is generated by Hi nT and one-dimensional unipotent 
subgroup corresponding to each a S A n ZIIi. Since Hi Ci T C Zl^^ and one- 
dimensional unipotent subgroup corresponding to a G A n ZIIi is a subgroup of 
[Mi,Afi], Hi is generated by [Mi, Mi] and Z^j^. Therefore, Hi acts on 7r2 by a 
scalar. 

Proposition 3.18. We have S{-k)\tz[Xu^ C 5(7ri|//J ® S{-K2\hi)- 

Proof. We have S{-k)\ti[x„^_,_+] C S{tt\mi)\i^[Xhi..,+] by the above lemma. By 
Proposition I3.12[ we have i5(7r|Mi)|K[Xffj . +] ^ iS(7r|^r^). Since Hi acts on 7r2 by a 
scalar, S{Tr\Hi) = S{ni\Hi) (^S{tt2\hi) by Lemma [531 □ 

Lemma 3.19. If ni is admissible as a representation of [Mi, Mi] and tt2 is ad- 
missible as a representation of G. Then tt is admissible as a representation of 
G. 

Proof. Let K' be a compact open subgroup. Then we have tt^ — (^j^I^^i'^^il^-^ ,g, 
7T2)^ ■ Since t^I^^I'^^iI'^^' jg finite dimensional and tt2 is admissible, dimvr^ < 
oo. □ 

We give some corollaries of Proposition 13. 181 which we will use. We suppose the 
following additional assumptions. 

• The representation tti is an admissible [Mi, Mi]-representation. 

• The representation tt2 is an admissible G-representation. 

• The derived group [M2 , M2] acts on tti trivially and the center of Mi acts 
on TTi as a scalar. 

• We have #5(7ri|Mi) = #'5(7r2|M2) = 1- 

Then there exists a unique parabolic subgroup P — MN such that S{'Ki\mi) = 
{Xi = (M n Ml, XMi)} and 5(7r2|A./J = {x2 = (M n M2, XAh)} for some xivh and 
XM2- By the above lemma, tt is admissible. 

Corollary 3.20. Any x G '5(7r) is parameterized by {M,xm) for some Xm- 

Proof. Take M' such that x is parameterized by {M',xm')- For each a G 11, take 
Aq e X^_+ such that (n\{a}, A) = and {a, A) 7^ 0. We may assume Aq is in ZEi or 
Zfl2. Then M' corresponds to {a G H | x(ta„ ) = 0} |Herll[ Proof of Corollary 1.5]. 
If a G Hi, then tx^ G ZIIi C Xhi.*.+ - Therefore, there exists Xi & S{ni\Hi) and 
X2 G S{tt2\hi) such that xi^xj = x'i(ta„)X2(ta„) by Prop ositio n [3T8| Since tt2\hi 
is a direct sum of characters, X2(ta„) 7^ by Proposition 13. 101 Hence xi'^x^) — 
if and only if Xii^xJ = 0. By Proposition |3J2J S{Tri\H,) = S{ni\Mi)\K[XHi,,,+] = 
{Xi}y[XHi.,.+]- Therefore, we have Xii^Xa.) = Xi('^a„)- It is zero if and only if 
a G IIm n Hi. By the same argument, for a G 112, x(''"Aa) = if and only if 
a G Hm n n2. Hence M' = M. □ 

Corollary 3.21. Assume that M = Mi. Then we have S{tt) = iS(7ri) (g) 5(7r2) = 
{(Mi,xmiXt|xm,,..o)}- 

Proof. Take x G '^(Tr) and let xm- Xm,*,o such that x is parameterized 

by (M, xa/). The character xm is given by a restriction of x on n Uj^ = 

n HjL = Xh2,*,+ - Therefore, x = Xi « X2- □ 
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4. A THEOREM OF CHANGING THE WEIGHT 

In this section, we assume that the derived group of G is simply connected. For 
a G n, we denote a fundamental weight corresponding to a by cJq,. 

4.1. Changing the weight. We prove the following theorem which is a general- 
ization of Herzig's theorem lHerlO( Corollarry 6.11]. 

Theorem 4.1. Let Vi,V2 be irreducible representations of K with lowest weight 
i'i,V2, respectively. Assume that {vi, a) — and V2 — ^ {q ~ l)wa for some a £ 
n. Let X'- K he an algebra homomorphism parameterized by {M,xm)- 

Assume that a ^ Hm- If o: ^ Xm,*,o or xm{(x) 1. then 

c-Ind| Vi X - c-Ind| V2 ®«g(V2) X- 

Let Vi , V2 , 1^1 , 1^2 be as above. Fix A G such that (A, 11 \ {a}) = and 

(A, a) 7^ 0. Then there exist nonzero ip2i G 'Hg{Vi,V2) and 1^912 G Hg(V2,Vi) 
whose support is K\{w)K. By the proof of [HerlOl Corollary 6.11], Theorem 14.11 
follows from the following lemma. 

Lemma 4.2. We have Sg{'Pi2 * ^21) G « ^ (t2a - T2a-q). 

This lemma follows from the following two lemmas by jHerlOl Proposition 5.1]. 

Lemma 4.3. The composition ipi2 * 1^921 is nonzero and its support is KX{'cu)^K . 

Lemma 4.4. For /i G X^^^, if fi < 2X then jj, — 2X or jj, < 2X — a. 

First, we prove Lemma 14.31 To prove it, we use the following lemma. We 
use the argument in the proof of [HerlOl Proposition 6.8]. For each w £ W ^ 
Nk{T{0)) /T{0), we fix a representative of vu and denote it by the same letter vu. 

Lemma 4.5. Let V, V' be irreducible representations of K with lowest weight v, v' , 
V £ V,v' £ V' its lowest weight vector, respectively. Assume that for /i G X.^,^^, 
yN^it^) ^ {yiy^M as M^,{k) -representations. Let G Hg{V,V') be such that 
swppip = Kfi{w)K and ip{fi{Tu))v — v' . Put I ~ ved^^ (B{k)) and t — ii{'cu) . Then 
we have 

(p=(=[l,u]= [wat-'^,v']. 

weW^/{W„nW^) aG{w-^7wnN{0))/t-^W{0)t 

Proof. We have 

((^ * [i,?;])(x) = Y viy)[^^v]i^y) = '^(y)[i,«](2;y)- 

yeG/K yeKtK/K 

If this is not zero, then xy € K for some y G KtK. Hence x G Kt^^K. Namely, 
supp(iy9 * [l,w]) C Kt~^K. The value at a; = kt~^ for fc G -fC is 

{ip*[l,v]){kt-')^ J2 ipiy)[l,v]ikt-'y) = ip{t)[l,v]{k)^ipit)k-\. 

y£KtK/K 

Therefore, we have 

^*[l,v]= Yl [kt-\v{t)k-\]. 

keK/(Knt-^Kt) 

Put P ^ P^. We have K n t-^Kt D P{0) and red(i^ n t-^Kt) = P{k). 
Therefore, we have a surjective map G{0)/P{0) K/{K n t~^Kt). For each 
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w ~ Nk{T{0))/T{0), we fix a representative of w and denote it by tlie same 
letter w. Tlien we have 

G{0)^ II w{w-^lwnN{0))P{0). 

wGW/Wf, 

Hence ip * [1, v] is a sum of a form [wat^-^, Lp{t)a^^w^^v] for a E w^^Iwr)N{0) and 
w g WjWy,. We prove tliat Lp(t)a~^w~^v ^ implies w € W^W^. Since red(a) G 
B{k)w n A'^(k) C ^^^{/(k)^, we have a~^w~^v = w~^v. The homomorphism 
ip(t) is given by ^ - (F')^^''^ V. Hence if V9(t)u;-iw 7^ 0, 

then w^^v G Since {g G G(k) | gv e kv} ~ Pu{k), we have P,y{fi) D 

wiV;;(K)w-i. ThenA+UA+ Dw{A+ \A+). Hence, (A" \ A") nw(A+ \ A+) = 0. 
Take w' G W^wW^^ such that w' is shortest in W^wW^ |Bou02[ Ch. IV, Exercises, 
§1 (3)]. Then (A" \ A") n w'(A+ \ A+) 0. By the condition of w'. A" nw'(A+ \ 
A+) = A" n w'A+ and (A" \ A~) n w'A+ = A" n w' A+ . Therefore, we have 
A- nu;'A+ = 0. Hence w' = 1. We have w G W^W^,/W^, = VF,./(H^,.n W^). Hence 
we may assume w G W^. Therefore, (p{t)w~'^v = ip{t)v = v' . Hence, 

Lp*[l,v]= ^ ^ [wat~^,v']. 

Since (q;,^) < for all weight aofN,t = ^(tt) satisfies tN{0)t-^ D N{0). 
Hence tN{0)t-^ DK = N{0). Equivalently, we have N{0) n r^Kt ^ t-^N{0)t. 
We also have red{t-^N{0)t) is trivial. Hence t~^N{0)t C w^'^Iw. Therefore, 
w-'^lw n N{0) n t-^Kt = t-^N{0)t. Hence we have 

(f*[l,v]= ^ ^ [wat"\u']. 

u)GW„/(W„nVl/j,) aG(iu-i7«;nlV(0))/t-ilV(0)t 

□ 



Proof of Lemma \J7^ Put t = A(tu). Let wi G Vi , W2 G V2 be lowest weight vectors. 
We may assume ip2i{t)vi — V2 and ipi2(t)v2 = wi. By Lemma 14.51 we have 

(^2i*[l,wi]= ^ ^ [wat~\i;2]. 

wew„-^/iW„-^nWx) ae{w-^7wr]N{o))/t-^N'{o)t 

By the assumption, Wi,^ n T4^a = W^i^a • Hence we have 

</3i2 * [1,^2] = ^ [6t~\?;i] 

helv(o)/t-ilv(C')t 
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by Lemma 14.51 Therefore, we have 

= ¥^12* 'Y^ Y [war^,V2] 

\weW^^/{WxnW^^) a£{w-Uwn'N{0))/t-'^W{0)t 

= ^ ^ wat"Vi2 * [1, 

= J2 [wat-^t-\vi] 

weW„-^/{WxnW^-^) a£{w-'^7wriN(0))/t-'^77(0)t b£N(0)/t-^N(0)t 

= E E [wct-^,vi]. 

Let ip G HciVi) whose support is KX{w)^K and <p(A(cc7)^)ui = Ui. By Lemma H31 
the right hand side of the above equation is (p * [i-,vi]. (Notice that W\ = W2\-) 
Since generates c-Ind^(VL), we get the lemma. □ 



Finally, we prove Lemma 14.41 



Proof of Lemma \4.4\ Assume that fi < 2X and /i ^ 2A — a. Since < 2A, there 
exists np G Z>o such that 2X ~ 11 — '^^f^nnpfi. Then for 7 G H \ {a}, we have 
Tlii3''^p{'^^ 1^) ~ (7j2A — /i) = —{'y^ii) < 0. By the assumption, = 0. Then 
X]^5^Q "-^(7' /^) — 0- Since the matrix {{j, $))'y.p=ia is positive definite, we have 
np^Q for aU ;3 G n \ {a}. Hence = 2A. □ 

4.2. Comparison of composition factors. Herzig proved the following proposi- 
tion when G = GL„ HerlO. Proposition 9.1]. Let Ordp(7r) be the ordinary part of 
TT defined by Emerton [EmelO| . 

Proposition 4.6. Let tt be an admissible representation of G which contains the 
trivial K -representation. Assume that there exists x £ '5(7r, l^c) which is pa- 
rameterized by (T, , — Ix, )• Then tt contains the trivial representation or 
Ordp(7r) ^ for some proper parabolic subgroup P. 

We generalize this proposition for any G. He proved this proposition by a cal- 
culation in the affine Hecke algebra. Here, we prove the proposition in a different 
way. We prove the proposition from the following proposition. (In fact, we will 
use only the following proposition.) When G = GL2, this proposition is proved by 
Barthel-Livne |BL95[ Theorem 20]. 

Proposition 4.7. Let x'- k[X^] -^k be an algebra homomorphism and V an irre- 
ducible representation of K . Then c-Ind^(y) (8)^^(v') x ^o.^ o finite length and its 
composition factors depend only on x o,nd the T{Hi) -representation V^^'^\ 

For a parabolic subgroup P C G, let Spp be the special representation |GK) . 
We have the following corollary. 
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Corollary 4.8. Let V be an irreducible K -representation such that V^^^*^^ is trivial 
and X- k an algebra homomorphism parameterized by (T, Ix,)- Then the 

composition factors of c-lndi^{V) X o.f^ {Spp | P C G}. 

Proof. Let Vi be the irreducible i^T-representation with lowest weight — X]Qen('? ~ 
Then we have ~ V^^'^'^^ ~ By Proposition 14.71 we have that 

c-Ind^(y) X s-nd c-Ind^(Vi) (g)-j^^(yj) x have the same composition factors. 

By Herzig's theorem [Her 101 Theorem 3.1], we have 

c-Ind^(Fi) ®Ug(Vi) X - IndB(c-Ind?nif(lTnK) ®-HT(iTnK) x) = Inds(lT)- 
Hence the corollary follows from [Her 101 Corollary 7.3]. □ 

Using this corollary, we can prove Proposition 14.61 

Proof of Proposition \4-.b\ Let x'- '*[^*,+] — 5> k be an algebra homomorphism pa- 
rameterized by (T, Ix, )• Then from the assumption, we have a nonzero homomor- 
phism c-Ind^(l/f ) X ^ TT. Hence tt contains an irreducible subquotient of 
c-Ind^(l;f) ®HG{iK) X a subrepresentation. By Corollary 14.81 such subquotient 
is Spp for a parabolic subgroup P. If P = G, then Iq — Spg C tt. If P 7^ G, then 
^ Ordp(Spp) Ordp(7r). □ 

Remark 4.9. If tt is irreducible, then tt ~ Spp. Since tt contains the trivial K- 
representation, tt is trivial by [HerlOl Proposition 7.4]. 

In the rest of this section, we prove Proposition l4.71 We use the following theorem 
due to Herzig [HerlOl Theorem 3.1]. 

Theorem 4.10. Let V be an irreducible representation of K with lowest weight v, 
P — MN a standard parabolic subgroup. Assume that Siahw{v) C Wm. Then we 
have 

c-Ind^(F) ®ua(v) nM{V^{i^)) - Ind^(c-Indtlnif V^^^^) 
as G -representations and T-lMiV^ ^'^^) -modules. 

Remark 4.11. In fact, the theorem of Herzig is weaker than this theorem. However, 
his proof can be applicable for this theorem. 

For a parabolic subgroup P = MN, let Vp be the irreducible representation of 
K with lowest weight - T,aen\nM^1 ^ l)'^"' ^^^^ '^p ^ ^^'^^i'^p) ^UaiVp) k,[X^]. 
Then we have ttp ~ Indp(c-IndjJ;Jn^(lAfnK) ®Hm{1m{^)) '^[^A) by Theorem |4J0| 
(Notice that (Vp)^^'') is the trivial representation.) In particular, we have tt^ ~ 
Indg(K[X*]). Here, T acts on k[X,] by T ^ r/T(C') ~ X, ^ End(K[X»]). (The 
last map is given by the multiplication.) 

Lemma 4.12. For parabolic subgroups P C P' , there exist ^p^p' : TTpi — >■ ttp and 
^pi p: TTp — > TTp' which have the following properties. 

(1) 'I'p^p' and^p' p are G- andK[Xf]-equivariant. 

(2) $p,p = id. 

(3) For Pi C P2 C P3, $Pi,P2 o ^-Pa.Pa = *Pi,P3 and ^Pj.p^ o ^p^.p^ = $P3,Pi- 

(4) For P <Z P' , compositions ^p^p' o $p'_p and $p',p o <i?p^p' are given by 

nQenp,\np('''a ^ 
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Proof. For each a £ 11, fix Aq £ such that (Aa, H \ {a}) — and (Aq, a) ^ 0. 
We also fix a lowest weight vector vp oiVp. 

Let Pi C P2 be parabolic subgroups such that #11 = #11 p^ + 1 and Hp^ = 
np^U{a}. Take </5p2^Pj G Hg(Vpi , VpJ and ^Pi,P2 e Hg(Vp2, VpJ such that their 
support is KXa{'!J7)K and their value at Xa(w) send the lowest weight vector to 
the lowest weight vector (as in subsection 14. ip . The elements fP2,Pi and ^Pi^P2 
give homomorphisms ttp^ — >■ np^ and ttp^ — )■ ttp^. Let $Pi,P2 (resp. ^P2,Pi) be 
a honiomorphism given by fPi,P2 (resp. — TQ_2Aa¥'P2.Pi)- By Lemma [4.21 these 
homomorphisms satisfy the condition (4). For general P' C P, take a chain of 
parabolic subgroups P' — Pi C ■ ■ ■ C Pr ^ P such that #np.^j = #np. + 1. 
Define $p'.p = $Pi,P2 o • • • o $p^_i,p,. and ^p.p' = <l'p^.p^_i ° ■ ■ ■ ° ^P2,Pi- The by 
[Her 10 , Proposition 6.3], the condition (4) are satisfied. 

It is sufficient to prove that $p'.p and $p^p' are independent of the choice of 
a chain. To prove this, we may assume that the length of the chain is 2. So let 
P,P',Pi,P2 be parabolic subgroups and a, /3 G 11 such that a (5, a, f3 ^ Hp, 
Hpi = Hp U {a}, np2 = Hp U {/?} and Hp/ = Hp U {a, /?}. Put = Aa(w) and 

= ^pi'^)- Then by Lemma 14.51 we have 

($p,,P, o$p^_p)([l,t;p]) ^ ^p,^P^{[at-\vp,]) 

= E E [at-Ht-\vp,] 

= X! [c{tatpY'^,Vp-]. 

ceN(0)/(t^tf,)-^T^(0)(t^tfs) 

Hence we have ($p',Pi o <i>Pj p)([l, wp]) = (^P',P2 ° '^'P2,p)([1i ^p])- Therefore, 

*P',Pl O ^'Pl.P = ^P\P2 ° *P2,P- 

Since $p'.Pi o $Pi,p satisfies the condition (4), 

(Ta-l)(r^-l)($p,P2 0$p^,p,) = ('I>P,P2 0<I>P2^p,)o(<I>p,,p^ 0<I>p^^pO$p,p^ 0$p^^p,). 

By <i?p',Pi o ^Pi,p = $p'.P2 o *&P2.Pi the right hand side is equal to 

($P^P2 O $P2^P' O $P'^P2 O $P2,P) O ($P,Pi O $pj p/). 

Using the condition (4) for $p,P2 o '1'p2,P', this is equal to 

(ra - 1)(t^ - l)(*P,Pi o $Pi,P')- 
Since ttp is a torsion-free K[X*]-module [Her 101 Corollary 6.5], we have <J>p,P2 o 
*I'P2,P' = 'i'p.Pi ° 'i'Pi.P'- We get the lemma. □ 

We fix such homomorphisms. Since ttp is a torsion-free K[X*]-module jHerlOj 
Corollary 6.5], the condition (4) implies $p,p' and <i?p',p are injective. 

Lemma 4.13. We have iTp ~ k[X*]. 

Proof. We have ttp ~ Indpn^(c-IndjJ;JriK(lj>-fni^)®-HM(iMnK)«[^*]) by the Iwasawa 
decomposition G = KP. Therefore, we have 

Trf ^ HomK(lK,IndfriK(c-IndMn/f(lMnK) ®-HM{iMnK) '^I^*])) 

~ HomMnK(lMnK,c-Ind^jn^(lMnK) ^UMi^unK) '«[^*]) 

~ EndAf(c-IndMn/f (iMnx)) ®«M(iAfnK) '^I^*] - '«[X*]. 



16 



NORIYUKI ABE 



□ 

Remark 4.14. A homomorphism Ind^(K[X*]) 9 / /(I) G gives an isomor- 

phism n§ ~ 

Set /o = [1, 1] ® 1 e c-Ind^(li<-) (X)-Hg(Ik) k[X^,] — ttq. Then ttq is generated by 
/o as a K[X^]-module. We also have that ttq is generated by ttq = K[X^]fo as a 
G- module. 

Lemma 4.15. Lei P = MN be a parabolic subgroup and ai,<T2 representations of 
M . Then we have HomM(ci, <T2) — HomG(Indp((Ti), Indp(cr2)). 

Proof. U P = B, this lemma is proved by Vigneras |Vig08[ CoroUaire 7]. The same 
prool can be applicable. □ 

Lemma 4.16. The element Tq — 1 G is irreducible. 

Proof. Take d G Z>o and A e X^, such that {a,X^) = dZ and (a, A) = d. Then 
we have X^, = TLX © Kara. Let a,b ^ such that — 1 = ab. Put t = t\. 

Then we have a = J^n'^nt^ and 6„ = J2n^nt" where a„,6„ G Kpera]. Put 
ka = max{n | a„ ^ 0}, la — min{n | a„ ^ 0}, fcb = maxjn | fe„ 7^ 0}, = min{n | 
bn ^ 0}. We may assume ka — la l£ kh — lb. Take c and Aq G Kera such that 
a = cA + Aq. Then c = 1 or 2 and we have ab — Tq, — 1 = f^Tx^^ — 1. Therefore, 
ka + kb = c and ak^bk^ = T\g G ^[Kera]^. Replacing (a, fe) with {au^^,bu) for 
u = t^'^^^Ok^ G ^ , we may assume ka — ^ and a^^ — 1. Hence fcf, = c — 1. We 

prove a G If ka = la, then a = t G k[X^,]^ . Hence we may assume ka ^ la- 

By ab = Ta — I = f^Tx^, — 1, we have la + h = 0. Therefore, (c, fca, la, kt, h) satisfies 
the following conditions: 

C = 1 or 2, ka = 1, kb ^ C - 1, la < ka, ka - la < h - lb, L + k = 0. 

From ka = 1, kb ~ c — 1 and ka — la < kb — lb, we have 1 — la < c — 1 — 4- 
Since la + h = 0, we have 1 — la < c — 1 + ^q. Therefore, Zq > 1 — c/2. We 
also have 1 — ka > la. Hence la < 0. From this, > 1 — c/2. Hence c — 2. 
Therefore < < 1 - c/2 = 0. Hence = and h = -la = 0. We get 

{C,ka,la,kb,lb) = (2,1,0,1,0). 

Now we have a = t + ag and b = bit + bQ. Since ab — T'x^t'^ — 1, we have 

bi = tao, aofei + bo = and agbo = -1. 

By the last equation, bo G Hence bo G k^t^ for some ^ € X^,. We have 

'''Ao = ^1 = — 6oag ^ — 6q. Therefore, Ao — 2fj,. Hence d — 2{X + ^) G 2X*. This is a 
contradiction since we assume that the derived group of G is simply connected. □ 

Lemma 4.17. The image of fo under q is a basis of tt^ . 

Proof. It is sufficient to prove that ^b,g{'^g) ~ '^b ■ We prove ^b,g{'^g) ^ 
n,3en\{Q}('''/3 ~ l)'"'!? fo'^ a G n. Then for each a G H, there exists Oa G 
such that aa^B,G{fo) = n/3en\{a}('^/3-l)/o where /q is a basis of 7rf . Since (ra-l) 
are distinct irreducible elements and is UFD, we have $s,g(/o) G k[X,]^/q. 

Hence the lemma is proved. 

So it is sufficient to prove ^b,g{t^g) ^ n^Gn\{a}('^/3 ~ ^)^b a G H. 

Fix a G H and let P be the parabolic subgroup corresponding to {a}. Since 
^p.gIttg) D ^p,G{^G,p{Trp)) = n/3en\{a}('^/3 ~ '^)^p, it is sufficient to prove 
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^b,p{t^p) — T^B- By Lemma 14.151 $_b.p is given by a certain homomorphism 
c-Indj^Jnx(lA/nx) «)-HM(iMnic) '^[^*] ^ ^^^^(iMnB)- We also have <^p^b is 
induced by some $': Indj^f^sllMns) ^ c-Indj^nK (iMn/f) ^HmCIa/hk) We 
have $' o $ = (tq — 1) and $ o cf>' = (r^t — 1). Therefore, it is sufficient to prove the 
lemma when the semisimple rank of G is one. 

Now we assume that the semisimple rank of G is one. Let H = {a}. Take 
a,b & k[X^] such that ^b,g{'^g) — ^''^b ' ^G.siT^B) = ^""g ^^'^ ab = Ta — 1- 
Assume ^b,g{'^g ) """s ■ I* is equivalent to a ^ ^ . By the above lemma, b £ 
7t[X*]^. Hence ^g,b{t''b) = '"'g- Since ttg is generated by tt^^, $g,b is surjective. 
Therefore, $g,b is isomorphic. Let x- k be a homomorphism defined by 

x(ta) = 1 for all A £ X*. Then we have ttb ^k[x,] X = Ind^(lT)- Hence we have 
Ind^(lT) — TTG <87i[jt,] X- Consider a homomorphism c-Ind^(lK) — >■ 1g defined by 
/ n> J2g£G/K fid)- "^^^^ gives a homomorphism ttg X — 5" 1g and induced 

homomorphism {ttg ^^-kIx,] x)^ ~^ (1g)^ = 1g is an isomorphism. We have Iq = 
(Ind^(lT))^'' ^ Ind^(lT) — t^g ®k[x.] X — ^ 1g- The composition is isomorphic. 
Hence Iq is a direct summand of Ind§(lT)- Therefore, EndG(Ind§(lT)) has a non 
trivial idempotent. However, by Lemma |3.16[ EndG'(Ind^(l7')) ~ EndrClr) — k. 
This is a contradiction. □ 

By this lemma, Im^B,G is a subrepresentation of ttb generated by Tig . For each 
w G ~ Nk {T (O)) /T (O) , we fix a representative of w and denote it by the same 
letter w. For a subset A C of W, let Xg^^i C ttb = Ind^K[X*] be a B-stable 
subspace defined by Xg,a = {/ G ttb | supp/ C [J^,^j^ Bw' B / B}. For w G W^, 
put Xg^>u, = XG^{w'ew\w'>w} and XG^>tu = -'^G,{iii'ew|to'>to}- Set = Xg,a, 
X>„ = Xg,>w and X>^, = Xg^>w for A C W, w e W. Set F = ^B^GiT^G), 
Ya = Y n Xa, Y^w = Y Ci and Y>yj = Y Ci X>^. For a parabohc subgroup 
P = MT V, put t y(Af ) ^ {w eW \ w(Hm) C A+}. Then W{M) x Wai ^ W is 
bijective |Bou02[ Ch. IV, Exercises, §1 (3)]. 

Lemma 4.18. Let P = MN be a parabolic subgroup, w,vq G W{M) andvi G Wm ■ 
Then vqVi > w if and only if vq > w. 

Proof. Put V = vqVi. Let £ be the length function of W. Then £{v) = £{vo) + 
i{vi) |Bou021 Ch. IV, Exercises, §1 (3)]. Hence v > vq. Therefore, vq > w implies 
V > w. 

We prove v > w implies vq > w hy induction on £{vi). If i{vi) — 0, then vi = 1. 
Hence there is nothing to prove. Assume that £{vi) > and take a G Hm such that 
viSa < vi where G Wm is the reflection corresponding to a. Put s — Sa- Then 
£{voVis) = £{vo) + £ivis) = £{vo) + £{vi) - 1 = £{voVi) - 1. Hence vs < v. By the 
definition of W{M), we have ws > w. Hence we get vs > w |Deo77[ Theorem 1.1 
(II, ii)]. Therefore, vo{vis) > w. Since £{vis) < we have vq > w hy inductive 

hypothesis. □ 

Lemma 4.19. We have Yy^/Yy^^ = Ylaeu,ws^<wi'^<!' ^ l){X>ijX-^^). 

Proof. Set = {a G H I wSa < w} and put / = riaGeC'''" ^ l)K[Ar*]. First 
we prove Y>^/Y>u, C I{X>ni/Xyw), namely, we prove Y>w C IX>u] + X^w If 
= 0, then there is nothing to prove. So we may assume 7^ 0. Let P = MN 
be a parabolic subgroup corresponding to 9. Recall that T acts on and 
-Kb = Ind^(K[Ar*]). This action induces the action of T on k[X^:]/I. For a G 9, 
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Ima acts on trivially. Therefore, the action of T on is extended 

to the action of M such that [M, AI] acts on it trivially by Lemma 13.21 We have 
lnd${K[X,]/I) C Ind%{K[X,]/I) - 7:b/I7:b- 

Let / G {ttb/Ittb)^ = (Indg(K[X,]//))^. We prove / £ Ind^mX,]/!), namely, 
/(SP) = P^^fig) for g <E G and p <E P. By the Iwasawa decomposition G = ifP, 
there exist k & K and p' e P such that g = kp'. Since P = MiV = [M, M]TN = 
([M,M] n K){[M,M] n P)TiV = {[M,M] D K)B, there exist k' € [M, M] n if 
and 6 G P such that p'p = k'b. Hence /(gp) = /(Vp) = f{kk'b) = b-^f{l). 
Since k' S [M,M], we have = /(I)- Hence /(.gp) = {k'b)-^f{l) = 

{p'p)~^f{l). Applying this to g = 1 and p = p' , we have f{p') — Hence 
f{gp) = p-'f{p') = p-'f{kp') - J3-V(.9)- So / e Ind^(«:[X,]//). Hence the 
image of $g,s(/o) is in Ind^(7c[X,]//). Therefore, the image of Y is contained in 
Ind^(K[X*]//). 

For / G TTs, let / be the image of / under the canonical projection ttb — > 
ttb/Ittb = Indg(K[X,]//). Let / G Y>^. Then supp/ C [j^,,^^^ Bw'B/B. Since 
/ G Indp(K[X*]//), its support is right P-invariant. Hence if swpp f CiBwB / B ^ 0, 
suppj n Bww' B / B ^ for all w' G Wm- Hence supp / n Pius^P/P / for ah 
a G 0. By the definition of Q, each a G G satisfies wSq < w. This contradicts 
to supp / C [j^,y^Bw'B/B. So we have supp / C \J^,^^ Bw' B / B. Hence / G 

We prove Yy^/Y^^^ D I{Xy^/X^i^). Let P' = M'N' be a parabolic subgroup 
corresponding to H \ 6. First we prove that $s,p'(7rp') n Xy^ — > X>^/X>^ 
is surjective. For each parabolic subgroup Pi — MiNi C P', put ttm^Pi ~ 

IndM'npA^^tknK^MinK ^HMA^M,nK)'i^'[^*])- Then ttp^ Ind^, (7rM',Pi )• By 
Lemma |4.15[ for each Pi C P2 C P', ^Pi.P2 and $P2,Pi are induced by some 
: ttm',P2 '^M',Pi and 'I'p^ p^ : ttm'.Pi — ^ '^M',P2- Such homomorphisms sat- 
isfy the conditions of Lemma 14.121 Therefore, $p| p^ induces a bijection Trjp ~ 

^m''J\ by LemmaSTTl Put $ = $f p,. Then $B,P'(7rpO = Indp,($(7rAP,pO). 

Let / G $B,p'(7rp/). By the definition of X>w, f G X>w if and only if supp / C 
[Jv>w BvB. For V eW, take vq G W{M') and t>i G Wm' such that w = vqVi. Since 
ui G VF(M'), u > w if and only if t^o > u> by the above lemma. Hence lJt,>ii, BvB = 
Uv>y,,vGW(M')BvWM'B = [J,>^^,ew{M') BvP' ■ Therefore, $B,p-(^pO"n - 

{/ G Ind^,($(^M',P')) I supp/ C a>^,.eM/(AP) S^^^V-P'}- Let Z>^ be this 
space. Put = {/ e Ind^,($(7rAP,pO) | supp/ C [jv>w.,veW{M') BvP' / P'}. 

Then $B,p'(7rM',P')n^>«, X>^/X>^ induces Z-y^jZ^^ X>tu/X>^. By the 
Bruhat decomposition G/P' = Ui;ew(Af') BvP' /P' , the space Zy^/Zy^ is isomor- 
phic to the space of locally constant compact support $(7rApp')- valued functions 
on BwP' /P' ~ BwB/B. The space Xy^/Xy^j is isomorphic to the space of locally 
constant compact support re[X*]-valued functions on BwB/B. The homomorphism 
Z>^/Zyu: X>„,/X>^ is induced by ^(vrAp^p') ^ t^m'^b ^ t^m- ,b / Xm' ,>i ^ 
By Remark [4.141 '^m'js^ ^ t^M',B' ttap^p'/-'^ ap,>i — Ti[X^] is iso- 
morphic. Hence $(7rAp.p') ^ ttm',B' '^M' .P' / Xm' .>i — k[X^:] is surjective by 
Lemma 14.171 Therefore ^b,P'{'^P') riX^^j — > X^^/Xy^ is surjective. 

We get ($p,p-(7rp0nX>^) + X>^ X>^. Since /$B^p'(7rpO = $B,p'(/7rp/) = 
$B_p,($p, G($G^p,(7rpO)) = $B,G(^G.P'{7rp')) C $3,0(71-0) = IX>^ cYn 
X>w + IXyiu C + ^>u.- We get the lemma. □ 
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From this lemma, we get the fohowing proposition. 

Proposition 4.20. Let V he an irreducible representation of K . The module 
c-Indg(F) ®Hg(V) is free as a K[X^,]-module. 

When G = GL2, this proposition is proved by Barthel-Livne. In fact, they 
proved that c-liid%{V) is a free HG(V')-module |BL94( Theorem 19]. 

Proof. Let be a lowest weight of V. By Theorem 14.101 c-Ind^(y) (S)'Hg(V) 
k[X^] ~ liidp^{c-Ind^j-^i({V'^"^'^^) '^-^^^ (ywiJcK)) It is sufficient to prove 

c-lnd'^i^^j({V'^"^'^'>) ^-^^ (yjvjJC'i)) k[X^] is free. Hence we may assume = G. 
Therefore, is a character of K. By Corollary [331 there exists a character vg of 
G such that i'gIk — V. Then ip ^ ip^-i gives an isomorphism TiciV) ~ Hg(Ia') 
fsee lS.ip . By this isomorphism, we can identify TiGiV) and 'Hg{'^k)- Under this 
identification, we have c-Ind^(y) ® Vq^ ~ c-Ind^(li<-). Hence we may assume 
V = Ik- Therefore, c-Ind^(T^) ®-Hg(v) ^[X*] — -kg — Y ■ S ince X^w/Xy-u: is 
free |Vig08[ Lemma 3], Y>«,/Y>u) is free by Lemma [4. 191 Hence Y is free. □ 

Proof of Proposition \4. 7[ We prove the proposition by induction on ^H^ . Namely, 
we prove the following by induction on n: If p satisfies #Hi^ < n then the module 
c-Ind^(l/)0„ Giv) X has a finite length and its composition factors depend only on 
X and the T(K)-representation V'^^'^\ 

If Hy = 0, then c-Ind^(F) ^'^^(^y) x is isomorphic to a principal series represen- 
tation [HerlOi Theorem 3.1]. Hence the proposition follows. 

Assume H^ 7^ and take a G H^. Put i/' = v — [q — l)ijJa and let V' be 
the irreducible ^-representation with lowest weight v' . By inductive hypothesis, 
c-Ind^(F') (8)-Hg(v') X has a finite length. Define x' '■ ^[X*] 'K[t,t~^\ by x'{tx) = 
x(TA)i<""'^> for A e X^. (Here, t is an indeterminant.) Then x factors through 
x'- Put TT = c-Ind^(F) (g)^g(y) x' and tt' = c-Ind^(V"') x' ■ These are free 

K[t, t^^]-modules by Proposition l4.20l Take A G X* such that (A, H \ {a}) — and 
(A, a) ^ 0. Put a = x('^a)- As in 14.11 A gives tt — tt' and ^' : n' ^ n such that 
$ o $' = (at - 1). Therefore, $' is injective and Im$' C (at - l)7r. By |CG971 
Lemma 2.3.4], 7r/(i — 1)tt has a finite length and 7r/(t — l)7r and n' /{t — l)7r' have 
the same composition factors. □ 

5. Classification Theorem 

Using results in Section [3] and Section 21 we prove the main theorem. Almost all 
the proof of the theorem is a copy of Herzig's proof. 

5.1. Construction of representations. We recall the definition of supersingular 
representations. 

Definition 5.1 (Herzig [Her 101 Definition 4.7]). Let tt be an irreducible admissible 
representation of G. 

(1) The representation tt is called supersingular with respect to (K, T, B) if each 
X G S{tt) corresponds to {G,xg) for some XG- Xg,*,o ■ 

(2) The representation tt is called supersingular if it is supersingular with re- 
spect to aU {K,T,B). 
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It will be proved that tt is supersingular if and only if tt is supersingular with 
respect to (if, T, B) for a fixed [K, T, B). 

Now we introduce the set of parameters V = Vg- It will parameterize the 
isomorphism classes of irreducible admissible representations. Before to give 7^, we 
give one notation. Let M be the Levi subgroup of a standard parabolic subgroup 
and a its representation with the central character Then set T\„ = {a G 11 | 
(Ha/, d) =0, ujaoa = 1gli(f)}- 

Let V — Vg be the set of A = (Hi, 112, cri)'s such that: 

• Hi and 112 are subsets of 11. 

• (Ti is an irreducible admissible representation of Mn^ with the central char- 
acter Wo-i which is supersingular with respect to (Mni n if, T, Mn^ n B). 

• Ha C n,,. 

For A = (ni,n2,ai) S V, we attach the representation /(A) of G by the following 
way. Let Pa = Mj^Nj^ be the standard parabolic subgroup corresponding to Hi U 
Ilg-j . By Lemma 13.21 there exists the unique extension of cti to Ma such that 
[Mn„^ , Afn„J acts on it trivially. We denote this representation by the same letter 
ai. By the definition, Hi U 112 is a subset of Hi U Hai- Hence this set defines a 
standard parabolic subgroup of AI\. Let o'a.2 be the special representation of M\ 
with respect to this parabolic subgroup. By the definition of special representations, 
[Mni,MnJ acts on crA,2 trivially and the restriction of crA,2 to [Afn„j , -Mn„ J is 
the special representation of [Mn^^ , Afn^j^] with respect to the standard parabolic 
subgroup corresponding to 112. In particular, the restriction of (ta,2 to [Afn„j , -^'-^n„J 
is irreducible. Put (Ta = o-i®cr\ 2 and /(A) = Ig{^) = Indp^((TA). By the following 
lemma, cta is irreducible. (Apply for H — AI\ and H' = [M^^^ , Mn„J.) 

Lemma 5.2. Let H be a group, H' a normal subgroup of H and 02 a representation 
of H which is irreducible as a representation of H' and End/f/((T2) — k. For a 
representation a of H , Hom/f' ((T2, cr) has a structure of a representation of H/H' 
defined by {hijj){v) = hijj{h^^v) for h G H, ip € Hom//' (a2 , cr) and v ^02- 

(1) The natural homomorphism Hom/f / ((72 , cr) (g) cr2 — > cr is injective. 

(2) If a is irreducible, then Hom^f / ((T2 , cr) is zero or irreducible. 

(3) For an irreducible representation a\ of H / H' , di ® 02 'is an irreducible 
H -representation. 

Proof. (1) Assume that the kernel of the homomorphism is non-zero. Take a finite 
dimensional subspace V C Hom/// (172, cr) such that V ® a2 u is not injective. 
This is a Tf'-homomorphism. Therefore, there exists a subspace Vi of V such that 
the kernel is Vi ® tT2- This means Vi = in Houih' (c2, f). This is a contradiction. 

(2) Assume that a is irreducible and Kouih' (ct2, ct) ^ 0. Then by (1), we have an 
injective homomorphism Hom// / ((T2 , cr) ® CT2 ^ c Since a is irreducible, we have 
Hom// ' (ct2 , cr) (g) (72 — cr. Therefore, Homij' ((T2 , cr) is irreducible. 

(3) Let (7 C (Ti eg) (72 be a nonzero subrepresentation. As a representation of 
H' , CTi (g) (72 is a direct sum of (72. Hence Hom/// ((72 , cr) 7^ 0. Since End//' ((72) = 
K, we have Hom/f / ((T2 , (7i ® (72) ~ <7i. This is an isomorphism between H/H'- 
representations. Therefore, Hom/f < ((72 , ct) C (7i. Since ai is irreducible, we have 
Hom/f/ ((72, (7) = (7i. Therefore, ct = cti (g) (T2. □ 



We use the following lemma. It follows from Proposition 13 . 71 and Corollarv l3.21l 
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Lemma 5.3. We have S{I{K)) = {(Afni , Xc^„i )}; here, x-^„^ '■ XMn^,*,Q is 
defined by X^^^W = i^aAK'^))- 

5.2. Irreducibility of the representation. In this subsection, we assume that 
the derived group of G is simply connected. We prove the irreducibihty of /(A). 
We need a lemma. 

Lemma 5.4. Let A = (ni,n2,ai) & V , V an irreducible representation of K 
and V its lowest weight. Assume that Homx(V^, /(A)) ^ and a G 11 satisfies 
(JImu^ 1^) — 0- Then we have uj^-^ o a\Qx — v o a. 

Proof. Set Vi = Then Vi is an irreducible representation of Mf^ fl K with 

lowest weight v. Moreover, we have HomMAni^C^ij cta) ^ 0. 

Let Q be the parabolic subgroup of Ma corresponding to IIi un2. Then wc have 
crA,2 = Spq^Ma- Put L ^ [Afn„i, Afn„J. Then o-a,2|l = SpgpL.L- Put (72 = crA,2 
and Ml = Mn^ . 

Fix %(: G Homi/^niflVi, cta) \ {0} and consider Vi as a subspace of (Ta. Let 

w G Vi be a lowest weight vector. Then we have v G cr^j^''^'^ where Ima.i is the 
inverse image of (Ma H U){k) in A/a H /C. Since L acts on ci trivially, we have 

V G cr^"'^'^ C a^^'^'^'^^ — (Ji® a^"'"^^^ . Let 02 be the special representation of 
Ma(k) with respect to the parabolic subgroup Q{k). Then we have ctJ ^ (T2 and 
we have o^(t^nL)(K) ^ f^^'^^A-ini ^.^^^ = 0, we have 17 n Ma ~ 

([/ n L) X ([/ n [A/i, A'fi]) as algebraic groups. By the construction, [Mi,Mi]{k) 
acts on CTi' trivially. Hence we have a^('^nL)(K) ^ —(unMA)(K.) _ ^ calculation of 
Grofie-Konne [GK] shows that r(K) acts on a^(t^nMA)(K) trivially Hence T(C') acts 

on a^''''^^'^^ trivially. 

Take a as in the lemma. Then Imci C Z^-^^. Hence for t G , a{t) acts on ui 

by the scalar W(jj(d(t)). By the above argument, a{t) acts on cr^'^''^'^^^ trivially. 

Hence it acts on cr^^"^'^ by the scalar Wo-i {a{t)). On the other hand, a{t) acts on v 
by the scalar t^'''"^ = This gives the lemma. □ 

Remark 5.5. If we treat the Satake transform in a natural way (see Remark 12. ip . 
Lemma lOl should be Silih)) = {(Afnii'^m)}- (We use a notation of Herzig [HerlOi 
Proposition 4.1].) Hence the above lemma should be a consequence of Lemma [?751 

Proposition 5.6. For A G V , /(A) is irreducible. 

Proof. Take A = (ni,H2,cri) G V and put Mi = Mn^ and M2 = Mn^. Let x 
be an algebra homomorphism k corresponding to (Mi,Xlj„ 

). Then 

S{I{K)) = {x}- Let vr C /(A) be a subrepresentation of /(A). Take an irreducible 
if-subrepresentation V of tt. Then ^ 5(7r, C <S(/(A)) ~ {x}- Therefore, we 
have a nonzero homomorphism c-Ind^(y) (>5?ig(v') x ~^ 

Let be a lowest weight of V . We take V such that the set {a G H \ Hj\/^ | 
(i/, a) = 0} is minimal. We claim that this set is empty. Assume that there exists 
a G H\Hma such that (a, v) = 0. Put v' = v—{q—l)ijja and let V' be the irreducible 
if -representation with lowest weight v' . Since a ^ H7\/^, we have a ^ Ho-^. By the 
definition of liax , we have: 

• (d, Hmi ) or 

• Wo-i (ci(tA7)) 7^ 1 or uja-i ° a\c)x is not trivial. 
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The above lemma shows that if (qjIImi) = then cjo-i ° ajox is trivial. Therefore 
we have that {a.IlMi) ^ or Xui^^ i^) 1- Hence we have c-Ind^(y) ®-Hg(v) X — 
c-Ind^(T^') (>5-Hg(v) X by Theorem 14. II Therefore, we get a nonzero homomorphism 
c-Ind^(F') (S)'Hg{V') X ^ Namely, V' is an irreducible X-subrepresentation of tt. 
This contradicts to the minimality of {a e 11 \ Uma I (o^? = 0}- 

Therefore, we have {iy,a) ^ ior a e U \ Ha/a- Put Vi = By 
[MOl Theorem 3.1], c-IndJ^(G) ®na(V) X - lnd$^{c-lnd^^^^^j,{Vi) ®Hma{v^) 
x)- Therefore, we have a homomorphism Indp^(c-Indj[J^p^(Vi) (iiy^^^^fyi) x) ~^ 
TT ^ Indp^ (TA- By Lemma 14.151 the composition is given by a homomorphism 
c-lndj|^^pjf (Vi) <8)-Hma(Vi) X ~^ "'A- Since a\ is irreducible, this homomorphism is 
surjective. Therefore, c-lnd'^{V)'Si-H^(v)X ~^ Indp^(crA) is surjective. In particular, 
TT =— Indp^(crA) is surjective. Hence tt — Indp^(crA)- D 
5.3. Classification tlieorem. We will use the following lemma. 

Lemma 5.7. Let P — MN be a parabolic subgroup, a an irreducible admissible 
representation of M which is supersingular with respect to {K, T, B) and LOa the 
central character of a. Then Indp(fT) has a filtration whose graded pieces are are 

{i{nM,Ti2,a) I Ha cn4. 

Proof. Let P' = M'N' be the standard parabolic subgroup corresponding to Hm U 
Ha- Then by Lemma [3.21 we can extend a to M' such that [Mn„,Afn„] acts on 
it trivially. We have Indp^p^f ("') = (ludp^p^f 1m) 'SS cr. So we have Indp((T) = 
Indp/ ((Ind;^Pijv^/ 1m') 03 o"). The definition of the special representations implies 
that Ind^piAf' 1m' has a filtration whose graded pieces are {Spg^.M'l where Q2 is 
a parabolic subgroup of M' which contains P D M' . Hence Indp((j) has a filtra- 
tion whose graded pieces are {Indp, (Spg^^jv/' ® f)}- Let Il'2 C Hm' be a subset 
corresponding to Q2- Then we have Indp, {SpQ^ jyj, (g) a) = /(Hm, Hj \ Hm, cr). □ 

Remark 5.8. If the derived group of G is simply connected, then /(A) is irreducible 
by Proposition 15.61 Hence the above lemma gives composition factors of lndp{a). 
In particular, it has a finite length. The irreducibility of /(A) will be proved in 
subsection 15.41 Hence the above lemma gives composition factors of Indp (a) for 
any G. 

Proposition 5.9. Assume that the derived group of G is simply connected. The 
correspondence A 1— /(A) gives a bijection between V and the set of isomorphism 
classes of irreducible admissible representations. 

Proof. First, we prove that the map is surjective by induction on ^^H. Let tt be 
an irreducible admissible representation. Let x be an element of S{'k) and assume 
that it is parameterized by (Mi,xmi)- We assume that Mi is minimal. If Mi = G, 
then TT is supersingular. Therefore, we assume that AIi ^ G. Take an irreducible 
if-representation V such that x G S{'k,V). Let v he a. lowest weight of V. We 
assume that H^ is minimal with respect to the condition x G S{tt, V). 

Assume that there exists a G H^ \ Hmi such that (HmuQ;) 7^ or XMi{oi) 7^ 1- 
Set v' ~ V — [q — l)uJa and let V' be an irreducible if -representation with lowest 
weight v'. Then W^, = Hj.\{a} C H^. By Theorem[4Tl we have c-lnd^{V)®nG{v) 
X — c-Ind^(y) X- Hence x ^ '^(Tr, V'). This contradicts to the minimality 
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of n^. Therefore, for all a G Iliy \ IImi, (nMi,a) — and XMx{q) — 1. From the 
first condition, (11^ \ Wmh^Mi) — 0. 

Let P — MN be a parabolic subgroup corresponding to 11^ U ■ First as- 
sume that M ^ G. Put Vi = Then we have c-Ind|(y) «)-Hg(v) X - 
Indp(c-IndMn/f (Vi) (g)^j^j(Vi) x) |HerlO| Theorem 3.1]. Recall that we have a sur- 
jective homomorphism c-Ind^(V^) (gj-j^^^y) x ~^ Hence there exist an irreducible 
admissible representation a of M and a surjective homomorphism Indp((T) — 
TT [Her 101 Lemma 9.9]. By inductive hypothesis, a = Im{^') for some A' G Vm- 
Hence there exists a parabolic subgroup Pq = MqNq and an irreducible admissible 
representation (Tq of Mq which is supersingular with respect to (Mq n K, T, Mq n B) 
such that (T is a subquotient of Indp^p^,/ uo by Lemma [5771 Hence tt is a subquotient 
of Indp^((To)- By Lemma ISTZl all composition factors of Indp^^ (ctq) are /(A) for some 
AeV. Hence tt = /(A) for some KeV. 

Therefore, we may assume that li^ U = H. Let P' = M' N' be the 

standard parabolic subgroup corresponding to H \ Hmj. Then for all a G Hm', 
{v,a) = 0, (a,nAfi) = and XM^{a) = 1. Set L' = [M',M']. Then the group of 
coweights Xl',* of L'nT is ZHm' which is a subgroup of X^, Put X^t^^^^ = 

PiZHa/'. By Lemma [3.161 and Proposition 13.121 we have S{'k,V)\-i^[Xl, , +] <^ 

5(^|a/', C 5(7r|i,,F^'(-)|i-nK). Since (i.,nM') = 0, F^'f^'U-nK 

is trivial. Therefore, xIk[x^,,. e 5(7r|L' , li'nx)- Set x' = x\-r[x^, ,^^]- We have 

a non-zero homomorphism c-Ind^/p;^ l^'nif x' ~^ ^- Since x is pa- 

rameterized by (AfijXAfi), x' is parameterized by {L' n T, XAfJx^/ Since we 
have XAfi(a) = 1 for all a G Hap, we have XMi\x^,_, = Ix^,.- Hence x' is 
parameterized by [V n T,lx^, Therefore, the set of composition factors of 

c-Indp/p;^ 1lt\k ®h^,(1l,^k) ^ {^Pq'^l' | Q' C L' is a parabolic subgroup} by 
Proposition 14.71 Hence there exists a parabolic subgroup P2 = M2N2 such that 
Ha/i C HAf2 and Spp^^L'.L' ^ t^- Let a2 be the special representation Spp^. Then 
the restriction of (T2 to L' is Spp^p^/ Put cti = Hom^' ((T2, tt). This is non-zero. 

By Lemma 15.21 cti is an irreducible representation of G and cti (X) (72 — tJ"- 

We prove ui is supersingular as a representation of Mi. Since L' acts on ai 
trivially, cti is regarded as a representation of G/L'. By Lemma 13.21 A/i G/L' 
is surjective. Therefore, (TiIa/j is irreducible. By inductive hypothesis, ctiIa/i — 
/Afi(A'). In particular, #iS((Ti|a/i) = 1- Since x is parameterized by (Mi,XAfi), an 
element of S{ai \mx) is parameterized by {Mi , Xm^ ) for some x'm^ by Corollarv l3.20l 
Hence ai is supersingular. 

We prove that the map is injective. Let A' = (H'j^, Hj, ci) and assume that 
/(A) ~ /(A'). Then we have S(I{K),V) = S{I{A'),V) 7^ for some irreducible 
representation V of K. By Lemma lOl {MunX^j^^) = (^-^n'j,Xw^, )■ Hence Hi — 
H'l. Let be a lowest weight of V. Then by Lemma 15.41 for a G H such that 
(ni,d;) — 0, LOai o a\Qx — V o a — o d;|c)x . On the other hand, we have 
cjo-i o 6i[-uj) — Xoj^j (q;) = uifji_^ o di['uj). Hence w^i ° & ^ <^a[ ° ol- Therefore, we have 
Hcri = Hcrj . Hence Pa = Pa- . 

Now we have Indp^(f7A) — Indp^(crA')- Hy Lemma 14.151 we have a nonzero 
homomorphism cta — >■ ca'. Since cta and cta' are irreducible, cta — ca'- Set L = 
[Mn„^ , Afn„j^ ] . As a representation of L, cta is a direct sum of special representations 
Spg^ L where Q2 is a parabolic subgroup of L corresponding to H2. Hence we 
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have 112 = Hj. Therefore, crA,2 — o-a',2- Hence we have ai ~ HomL(cr2,A, ca) — 
HomL(cr2,A', CTA') ~ crj. We get A = A'. □ 

5.4. General case and corollaries. 

Theorem 5.10. Let G be a connected split reductive algebraic group. Then /(A) 
is irreducible for all A d V and A i— > I (A) gives a bijection between V and the set 
of isomorphism classes of irreducible admissible representations. 

Proof. Take a z-extension 1— >Z^G— >G— ^lofC For each parabohc 
subgroup P — AIN, let M be the Levi subgroup of the parabohc subgroup of G 
corresponding to IIm. Then 1 — > Z — > M — > M — s- 1 is a z-extension of M. 
For each representation tt of G, let tt be the pull-back of tt to G. Then we have 
1(3(111, 112, (7i)~ = (III , 112 , (?i ) . By Proposition 15. 6[ this is irreducible. Hence 
/g(A) is irreducible for A e T'. 

We also have that Iq (Hi , n2 , (Ti ) ~ (H'l , H2 , ) if and only if (Hi , H2 , 01 ) ~ 

/g(H'i,H2,(Ti). Hence we have Hi = H'l, H2 = H2 and oi ^ a[ by Proposition [5?9l 
Hence we have ai ~ di . 

Let TT be an irreducible admissible representation of G. Then there exists Aq = 
(Hi, H2, (Ti,o) S Vq such that tt = /g(A). Since Z is contained in the center of A/ni , 
it acts on ai o by the scalar. By the construction of /g(A), Z acts on Iq{A) ~ tt 
by the same scalar. It is trivial since Z acts on tt trivially. Hence Z acts on cti^o 
trivially, namely, (Ti q ~ cti for some representation of G. Hence tt = /(^(Hi, H2, ui). 
We get the theorem. □ 

We give corollaries of this theorem. 

Corollary 5.11. For any irreducible admissible representation tt of G, =ffS{TT) = 1. 

Proof. Obvious from Lemma 15.31 and Theorem 15. 101 □ 

Corollary 5.12. Let tt be an irreducible admissible representation ofG. Then the 
following conditions are equivalent. 

(1) The representation tt is super singular. 

(2) The representation tt is supersingular with respect to (K,T,B). 

(3) The representation tt is supercuspidal. 

Proof Take A = (Hi,H2,cri) e V such that tt = /(A). Then by Lemma [Ol tt 
is supersingular with respect to {K,T,B) if and only if Hi = H. By Lemma [5.71 
TT is a subquotient of Indpj^(cri). Hence, if tt is not supersingular with respect to 
(K,T,B), then tt is not supercuspidal. 

Assume that tt is a subquotient of Indp^^ ctq for a proper parabolic subgroup 
Pq = MqNq and an irreducible admissible representation ctq. By Lemma [5.71 we 
may assume ctq is supersingular with respect to (if, T, B). By Lemma [5.7l Pui ~ Pq- 
Hence tt is not supersingular with respect to {K,T,B). 

Hence (2) and (3) are equivalent. Since the property (3) is independent of a 
choice of {K,T,B), (2) and (1) are equivalent. □ 

Corollary 5.13. Let P = MN be a parabolic subgroup and a a finite length ad- 
missible representation of M . Then Indp a has a finite length. 

Proof. We may assume a is irreducible. This follows from Lemma 15.71 and Re- 
mark [liHl □ 
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Corollary 5.14. Let y.T^H^ he a character. Then Ind^(iy) has a length 2^ 
where C = G 11 | o d; = Iql^}. In particular, Ind^(z^) is irreducible if and 

only if V o a ^ IgLi for all a G 11. 

Proof. Notice that any character of T is supersingular. Hence this follows from 
Lemma 15.71 and Remark 15.81 □ 
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